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PREFACE

This handbook is the fourth of six handbooks on artillery ammu-
nition and forms a part of the Engineering Design Handbook Series of
the Army Materiel Command. Information concerning the other hand-
books on artillery ammunition, together with the Table of Contents,
Glossary and Index, will be found in AMCP 706-244, Section 1, Artil-
lery Ammunition--General.

The material for this series was prepared by the Technical Writ-
ing Service of the McGraw-Hill Book Co., based on technical informa-
tion and data furnished principally by Picatinny Arsenal. Final prepa-
ration for publication was accomplished by the Engineering Handbook
Office of Duke University, Prime Contractor to the Army Research
Office-Durham for the Engineering Design Handbook Series.

Agencies of the Department of Defense, having need for Handbooks,
may submit requisitions or official requests directly to Publications
and Reproduction Agency, Letterkenny Army Depot, Chambersburg,
Pennsylvania 17201, Contractors should submit such requisitions or
requests to their contracting officers.

Comments and suggestions on this handbook are welcome and
should be addressed to Army Research Office-Durham, Box CM, Duke
Station, Durham, North Carolina 27706.
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SECTION

DESIGN FOR PROJECTION

PROPELLANTS AND INTERIOR BALLISTICS

PROPELLANTS, GENERAL

4-1. Introduction. The purpose of propellant
design is to select the correct formulation and
granulation to satisfy a given set of conditions.
The limitations imposed by these conditions
constitute the design problems. To achieve the
desired results from a given propellant, it is
necessary to consider such factors ascartridge
case volume, rate of bore erosion, reduction
of flash and smoke, ballistic uniformity, and
high-velocity requirements balanced against
pressure limitations. It may not be possible to
satisfy all of these considerations; therefore,
a certain amount of compromise is necessary.

From practical considerations, propellants
should be made from relatively cheap, non-
strategic materials which are available in
large quantity. The rate of burning of the pro-
pellant should be controlled so that the rate of
gas evolution does not develop pressure peaks
within the gun tube in excess of the gun stress
limits. The burnt propellant should leave little
or no residue, since unburned material cor-
rodes bores, creates smoke, and reduces gun
efficiency. It is also desirable that the explo-
sion gases be as cool as possible at the muzzle
to reduce flash and so prevent exposure of the
gun position by night. By the same token, it is
desirable that the explosion be smokeless to
prevent obscuration of the target or revealing
the gun position by day. Cooler-burning pro-
pellants decrease the tendency to erode bores.
While nitrocellulose has a certain amount of
inherent instability, it has retained its position
as a general ingredient of propellants because
it can be made satisfactorily stable by the
addition of stabilizing materials and because
of the lack of a large supply of more stable
materials possessing its advantageous char-
acteristics.

The black powder* originally used as a military
propellant has been completely displaced by
propellant compositions at one time referred to
as "smokeless powders," which invariably con-
tain nitrocellulose. Smokeless powder is a
misnomer, because these propellants are not
used in the form of powder, and do liberate
varying amounts of smoke.

On a composition basis, propellants are divided
into the following three groups.

a. Single-Base Propellants. Nitrocellulose
is the principal active ingredient of single-base
propellant (see table 4-23). It may contain a
stabilizer (usually possessing plasticizing prop-
erties) or any other material in a low state of
oxidation, in addition to nitro compounds, and
inhibiting or accelerating materials such as
metals or metallic salts. M1 propellant is an
example of a single-base propellant.

b. Double-Base Propellants. '"Double-base"
generally defines propellant compositions con-
taining nitrocellulose and nitroglycerin. A bet-
ter definition describes adouble-base propellant
as one containing nitrocellulose and a liguid
organic nitrate which gelatinizes the nitrocel-
lulose. It may also contain additives similar
to the single-base compositions. Nitroglycerin
propellants have not been used extensively in

*Black powder is the generic name originally applied
to a mixture of charcoal, sulfur, and potassium
nitrate and now also applied to compositions con-
taining bituminous coal and sodium nitrate in place
of the charcoal and potassium nitrate. The 75:15:10
ratio of the components of the potassium nitrate-
charcoal-sulfur has remained essentially the same
for over 400 years, since any modification of the
ratio has been found to produce adverse results.
Although black powder is no longer used as a pro-
pellant, it is still used as an igniting material for
propellants, time fuzes, base-ejecting shells, and
the like. Black powder is coated with graphite to
increase its loading density and to reduce the build-
up of static charge.
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the United States as standard propellants
because their high explosion temperature makes
them quite corrosive, reducing the service life
of the gun; furthermore, they may possibly be
in short supply in an emergency. M2 propellant
is an example of double-base propellant.

c. Triple-Base Propellants. These pro-
pellants have three basic active ingredients:
nitrocellulose, nitroglycerin, and nitroguani-
dine, in addition to such other additives as
may be necessary. M15 propellant is an ex-
ample of a triple-base propellant.

Table 4-23 is a breakdown of compositions
of standard propellants. In these compositions,
the dinitrotoluene and nitroglycerin act as
gelatinizing and moistureproofing agents which
contribute to the ballistic potential; diphenyla-
mine and ethyl centralite are used as stabi-
lizers; dibutylphthalate and triacetin are non-
explosive gelatinizing agents which also con-
tribute to flashlessness; nitroguanidine is dis-
persed throughout the nitrocellulose-nitro-
glycerin colloid as a finely divided crystalline
powder which contributes to ballistic potential
and flashlessness; potassium sulfate and cryo-
lite are used as chemical flash reducers; while
tin is used as a decoppering agent.

4-2. Forms of Nitrocellulose. Some types of
nitrocellulose are distinguished by name, in-
cluding the following (see table 4-2).

a. Pyroxylin, or collodion, is soluble in a
mixture of ether and ethanol and contains
from about 8 to about 12 percent of nitrogen.
Pyroxylin is distinguished from other types of
nitrocellulose by its partial solubility inethanol.
The pyroxylin used for military purposes con-
tains 12.20 + 0.10 percent of nitrogen, while that
used in the manufacture of blasting explosives
has a nitrogen content of 11.5 to 12.0 percent.

b. Pyrocellulose has a nitrogen content of
12.60 + 0.10 percent, and is completely soluble
in a mixture of 2 parts of ether and 1 part of
ethanol. Pyrocellulose for military use is
manufactured from cotton linters or wood cel-
lulose obtained commercially from wood pulp.

c. Guncotton contains 13 percent or more of
nitrogen, that used for military purposes con-
taining a minimum of 13.35 percent. Only 6 to
11 percent of this type of nitrocellulose is
saluble in ether-ethanol mixture, but it is
completely soluble in acetone, as are prac-
tically all types of nitrocellulose.

d. Blended Nitrocelluloses are mixtures of
pyrocellulose and guncotton. These are designed

4-2

to have desirable solubility and viscosity char-
acteristics as well as a specified nitrogen
content.

PROPELLANT COMPOSITION

4-3. Criteria for Selection of Propellant Mate-
rials. In the manufacture of propellants it may
be desirable to incorporate with the nitro-
cellulose other materials in order to modify
the properties of the nitrocellulose. These
materials may be either incorporated or coated
on the surface, and are used to (1) increase
stability, (2) decrease hygroscopicity, (3) change
heat of explosion, (4) control burning, (5) re-
duce muzzle flash, (6) reduce smoke, (7) in~
crease electrical conductivity, and (8) reduce
bore residue. Table 4-1 lists some of the ma-
terials used to achieve these ends, with spe-
cific applications.

a. Stability. Since propellants must be stored
for long periods and then must function re-
liably when used, they must not decompose in
storage. Of primary concern is the fact that
nitrocellulose by itself is not stable. In com-
mon with other nitrate esters, nitrocellulose
breaks down autocatalytically to yield acid de-
composition products which accelerate the
decomposition rate once decomposition has
started. Stabilizers are added to the propellant
colloid to reduce the decomposition rate.l

Stabilizers react with the acid decomposition
products, as they are formed, to neutralize
them and thus prevent acceleration of the de-
composition. When deteriorationhas progressed
to a point where the neutralizing action of the
stabilizer is no longer significant, the de-
composition rate accelerates. The appearance of
an acid odor and subsequently visible red
fumes indicate that the propellant has become
unsafe for further storage or use. (See para-
graphs 4-65 through 4-75.)

b. Hygroscopicity. Hygroscopic propellants
are undesirable both because absorption of
moisture reduces the ballistic power, and ren-
ders the propellant unstable chemically and
physically, and because variations in moisture
content alter the ballistic characteristics un-
predictably. Propellants are made as non-
hygroscopic as possible by including moisture-
resisting materials in the colloid or by coating
the surface of the propellant grain with mois-~
ture-resisting materials.




c. Heat of Explosion. The heat of explosion
is controlled to reduce muzzle flash and bore
erosion, since high heats of explosion produce
muzzle flash and high rates of bore erosion,
especially at high rates of fire. For discussion
of flash from guns see references 2, 3, 4, 5,
6, 7, and 8. The heat of explosion is governed
by the material included in the propellant
composition. A high oxygen content produces
a high heat of explosion; therefore, it is ad-
visable to formulate propellant compositions
with low oxygen balance to lower the heat of
explosion.

d. Control of Burning. The rate of burning
is controlled to govern the pressure within the
gun tube and to reduce flash. In addition to
being controlled by proper grain geometry
(paragraphs 4-10 through 4-20), the rate of
burning may be further modified by coating
the propellant grain with a deterrent material
that diffuses into the grain and makes the
outside surface burn slower than the main
body of the propellant. The depth to which the
deterrent diffuses into the surface is con-
trolled by the temperature and duration of the
coating process.

e. Flash and Smoke. The importance of the
elimination (or at least reduction) of muzzle
flash and smoke lies in the elimination of a
source of detection of the gun battery and in
the prevention of target obscuration. The goal
in design for flash reduction is a propellant
that will be consumed close to the breech,
thereby allowing the combustion products to
cool before they exit from the muzzle. This
goal is opposed to the high muzzle pressure
necessary to produce high projectile velocities.

Muzzle flash may be resolved into two com-
ponents. The first flash is due to the burning
of incandescent propellant gases, occurring

at the muzzle, immediately after the emer-
gence of the projectile. The second flash, due
to the combustion of Hg and CO in the pro-
pellant gases with atmospheric oxygen, occurs
a fraction of a second later some distance in
front of the muzzle. Its illumination intensity
is far greater than the first flash.“ Alkali
metal salts have been found effective in re-
ducing secondary flash, as they prevent the
chain reactions which occur in oxidation of
hydrogen to water; they also form nuclei in the
emergent gases on which the explosion-pro-
duced water vapor may condense, thereby cre-
ating smoke.

An alternative method of reducing flash is to
incorporate large amounts of nitrogen into the
propellant composition thereby diluting the
amounts of inflammable Hg and CO in the
muzzle gases. Oxygen balance is important in
the reduction of flash and smoke because an
adequate supply of oxygen reduces smoke by
converting all of the carbon in an explosive to
gaseous form.

i. Electrical Conductivity. Graphite is coated
on the grains to increase their surface elec-
tricaI/conductivity in order to reduce thedanger
arising from an accumulation of a static charge
during propellant handling. The graphite also
serves to lubricate the grains and so increases
packing density.

g. Residues. Propellant formulations are

compounded so that unoxidized carbon remains
low, since unburned carbon produces bore res-
idue and smoke. Lead carbonate and tin are
materials that may be added to reduce copper-
ing.
Table 4-1 lists some of the more commonly
used materials that are added to propellants
and indicates their functions. It should be
noted that some items are multipurpose.




Table 4-1

Substitutes and additives

Function

Reduce
hygroscopicity

Material

Stabilizer

Plasticizer

Deterrent

Reduce
flame temperature

Reduce
flash

Reduce bore

erosion

Increase electrical
conductivity
Control
burning rate

Source of oxygen

Nitroglycerin (NG) X

»

Nitroguanidine

Dinitrotoluene (DNT) X

Methyl centralite (Sym-
dimethyldiphenylurea)

Ethyl centralite (Sym-
diethyldiphenylurea) X

Diethyleneglycoldinitrate (DEGN)

X%

Diphenylamine (DPA)

xt

Dibutylphthalate (DBT) X

Diethylphthalate (DET)

Trinitronaphthalene

Mineral jelly

Barium nitrate

Potassium nitrate

Potassium perchlorate

Potassium sulfate

Kl o] e

Tin (powdered)

Graphite

Carbon black

Cryolite

* Thermally more stable than NG,
T Stabilizer for single-base propellants only.
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MANUFACTURE OF PROPELLANTS

4-4. Description of Propellant Manufacture.
The basic propellant material is nitrocellulose,
which is made by nitrating cellulose derived
from cotton linters or wood pulp. The manu-
facture of nitrocellulose propellants consists
of two distinct processes: (1) manufacture of
the nitrocellulose, and (2) manufacture of the
propellant from the nitrocellulose. Nitrocellu-
lose is a nitrate formed by esterification of
cellulose. The wood pulp is purified at a pulp
mill by either the sulfite or sulfate process to
yield a high alpha cellulose content, and sent
to the nitrating plant incontinuousrolls. Linters
cellulose is bleached and sent to the nitrating
plant in bales. At the nitrating plant the wood
cellulose i1s shredded, and the linters are
picked to expose the fibers, and then dried.
Nitration is accomplished by the du Pont me-
chanical dipper process. The proper degree of
nitration results by adjustment of the nitric
acid-sulfuric acid-water ratio. When nitration
is complete, the contents of the nitrating vessel
are centrifuged, and the acid fortified for re-
use. The nitrocellulose is submitted to a
lengthy series of acid and neutral atmospheric
pressure boils to remove occluded acids. This
comprises the stabilization process. This pro-
cess also accomplishes a certain amount of
viscosity reduction. At the conclusion of stabi-
lization the nitrocellulose must meet the sta-
bility, physical, and chemical requirements of
Specification JAN-N-244.

Table 4-2

Military grades of nitvocellulose
(Per Specification JAN-N-244)

Nitrogen,

Grade Class percent
Grade A Pyrocellulose -

Type I 12,60 + 0.10

Type 1I 12,60 + 0.15
Grade B Guncotton 13.35 minimum
Grade C Blended (guncotton)

Type I 13.15 + 0.05

Type II 13.25 + 0.05
Grade D Pyroxylin (collodion)| 12,20 + 0.10

4-6

The grade of nitrocellulose in widest military
use contains 13.15 percent nitrogen. This grade
is blended from pyrocellulose (12.60 percent
nitrogen) and high grade guncotton (13.35 per-
cent nitrogen). See paragraph 4-5. The pyro-
cellulose is soluble in the ether-ethanol solvent
while the guncotton is soluble only to a limited
degree, so that the pyrocellulose acts as a
binder.

Nitrocellulose is softened or gelatinized by
various volatile and nonvolatile solvents, in-
cluding ether-alcohol mixtures, acetone, nitro-
glycerine and other nitrate esters, and di-
butylphthalate and other phthalates. In the gela-
tinized state, it may be formed by extrusion or
rolling.

4-5. Colloiding. The product obtained by dis-
solving nitrocellulose in a mixture of ether and
ethyl alcohol is called the colloid. Since water-
wet nitrocellulose will not dissolve in the ether
alcohol solvent, it is centrifuged to approxi-
mately 30-percent moisture content and then
dehydrated by forcing alcohol through the nitro-
cellulose under pressure. The alcohol-saturated
blocks of nitrocellulose, as they are received
from the dehydrating press, are put into a
dough mixer, to which, after the blocks are
broken up, the additional solvent is added. This
step in the process is continued until a satis-
factory colloid is obtained.* Diphenylamine or
other stabilizer (dissolved in the solvent) is
also added at this stage. From the mixer, the
crumbly mass is blocked under pressure, and
is worked until it is freed from lumps.

In their colloided form, the constituents of the
propellant are packed together so densely that
the hot gases do not travel through the mass
as they would if the propellant grain were
porous, but instead, the gases travel across the
grain surface. Burning is stabilized by the
transfer of energy from the burning zone into
the body of the grain. The burning surface re-
cedes into the solid at a relatively low velocity.
The linear rate is independent of the grain
shape. The result is that the propellant burns
in layers at a rate that can be controlled by
varying the pressure. The mass rate is a
function of shape in addition to other things.
Proper rate of conversion of propellant to gas

*The determination of "satisfactory" colloid is still
an art.




is brought about by dimensioning of the grain
to give the proper surface area. The proper
grain shape is produced in the final manu-
facturing operation by forcing the colloid
through dies. (See paragraphs 4-7 through
4-9.) As the propellant comes from the grain-
ing dies, it contains almost 50 percent solvent,
whose recovery is an important consideration.
The "green” grains shrink as they are dried
and this shrinkage must be allowed for in the
design of the graining dies. Purposeful solvent
recovery is carried on until the concentration
is reduced to about 12 to 15 percent, after
which it is no longer economically feasible.
The remaining solvent, down to 0.2 to 3 per-
cent, depending on grain size, is removed
either by air drying or water drying.1,2 Double-
base propellants are not subjected to solvent
recovery or water drying.

The process just described is the conventional
method of manufacturing artillery propellants,
which may vary in web from 0.014 to 0.100
inch. When dimensions get larger than this,
solvent recovery is such a difficult problem
that solventless methods are used. These
methods will not be covered here, since they

find very little application in artillery pro-
pellant manufacture.

For an alternative method of propellant manu-
facture that has been successfully applied to
small arms propellant manufacture, see ref-
erence 3. This is the Ball Powder Process
used by the Olin Mathieson Chemical Corpora-
tion. Although apparently competitive with the
conventional solvent-extrusion process for
small arms propellants, it does not seem
suited for production of larger granulations.

4-6. Relative Costs of Propellant Manufacture.
It is not economically feasible for commercial
manufacturers of explosives to maintain plants
for production of military explosives in peace-
time. For this reason, the Ordnance Depart-
ment has established contractor-operated sys-
tems at Ordnance plants to handle wartime
military requirements and standby or reduced
production in peacetime. Table 4-3, prepared
by the Ordnance Ammunition Command, gives
some indication of the relative costs of buying
propellant materials commercially (where
available) and manufacturing in government
plants.

Table 4-3

Ammunition component cost for the quarter ended 31 December 1954,
propellants, explosives, and chemicals

Mig. Cost T
Purch. or | or Purch.| Indirect Total

Nomenclature Gov't.Plt.| Price Cost-3% Cost | Unit
Barium Nitrate, Class D, Granulation 140 Purchased $0.168 $0.005 $0.173 Lb
Dinitrotoluene Gov't, Plt, 0,119 0.004 0.123 Lb
Diphenylamine Gov't, Plt. 0.387 0.011 0,398 Lb
Diphenylamine-Grained for Powder Gov't, Plt, 0.366 0.011 0,377 Lb
Ethyl Centralite (Carbamite) Class III Purchased 0.928 0.028 0.956 Lb
Mortar, 4.2", M8 (Increment Charge M6 and
Increment Charge M8) Gov't. Plt. 1,49 0.045 1,535 Lb
Mortar, 60-mm and 81-mm, Increment Packaging
(Increment M1A1, M2A1, and M3Al) Gov't, Plt. 3.18 0.10 3.28 Lb
Nitroglycerin Gov't, Plt, 0.204 0.006 0.210 Lb
Nitroguanidine Class A or B Purchased 0.26 0.008 0.268 Lb
Powder, Black, Grade A4 Purchased 0.33 0.01 0.34 Lb




Table 4-3

Ammunition component cost for the quarter ended 31 December 1954,
propellants, explosives, and chemicals (cont)

Mfg. Cost
Purch. or lor Purch.| Indirect Total
Nomenclature Gov't, Plt, Price Cost-3% Cost | Unit
r

Powder, Black, Meal Grade Purchased 0.32 0.01 0.33 Lb
Powder, Black, Grade FFFG Purchased 0.316 0,009 0.325 Lb
Powder, Black, Grade A1l Purchased 0.311 0,009 0.320 Lb
Powder, Black, Sodium Nitrate, Class A Purchased 0.11 0.003 0.113 Lb
Propellant, M2 Purchased 0.67 0.02 0.69 Lb
Powder, Black, Potassium Nitrate, Cannon Grade Purchased 0.33 0.01 0.34 Lb
Propellant, M6 Purchased 0.574 0.017 0.591 Lb
Powder, M9, for Ignition Cartridge M4 and M5
(60-mm Mortar) Purchased 1.03 0.03 1.06 Lb
Powder, M9, for Ignition Cartridge M3 and M6
(81-mm Mortar) Purchased 0.82 0.025 0.845 Lb
Propellant, IMR 4895 Purchased 0.70 0.021 0.721 Lb
Propellant, IMR 4996 Purchased 0.70 0.021 0.721 Lb
Propellant, IMR 7005 Purchased 0.75 0.023 0.773 Lb
Propellant, M12, IMR 7013 Purchased 0.70 0.021 0.721 Lb
Propellant, Western Ball, Type II, WC 820 Purchased 0.799 0.024 0.823 Lb
RDX Gov't, Plt, 0.382 0.01 0.392 Lb
Solvent, Double Base Multiperforated Propellant
(M2) Gov't, Pit. 0.783 0.023 0.806 Lb
Solvent, Single Base Multiperforated Cannon
Powder (Propellant M1, M6, and M10) Gov't, Pit. 0.42 0.012 0.432 Lb
Solvent, Single Base Single Perforated Propellant Gov't, PIt, 0.474 0.014 0.488 Lb
Solvent, Triple Base Single Perforated Propellant Gov't, Plt. 0.597 0.018 0.615 Lb
Trinitrotoluene Gov't. Plt. 0.145 0.004 0.149 Lb

REFERENCES AND BIBLIOGRAPHY
1. Tschappat, W. H., "Textbook of Ordnance and Gunnery," John Wiley and Sons, New York,
1917, ch. L.
2. Hayes, T. J., "Elements of Ordnance,’ John Wiley and Sons, New York, 1938, ch. L.
3. Chemical Engineering, McGraw-Hill Book Co., New York, December 1946, pp. 92-96, 136-139.
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DETERMINATION OF GRAIN DESIGN FOR A
SPECIFIC WEAPON

4-7. Fitting the Web to the Gun. The potential
thermal energy of a propellant when fired in a
gun is partially converted into the kinetic energy
of the projectile. The proportion of the total
available energy that can be communicated to
the projectile is limited by the length of travel
of the projectile in the gun tube, maximum
pressure, expansion ratio, friction and heat-
conduction energy losses, and so on. The re-
quired maximum pressure is controlled by the
ballistician through the proper choice of pro-
pellant granulation web. The web and propellant
weight combination which produces maximum
velocity at a specified pressure is the optimum
charge.

Propellant grains are commonly designated as
either degressive or progressive. Adegressive
grain burns with a continually decreasing sur-
face until the grain is completely consumed,
while a progressive grain burns with a con-
tinually increasing surface. The burning rates
are functions of the grain geometry (form).
(See paragraphs 4-10 through 4-20.) Because
of nonsimultaneity of ignition, end-burning,
nonuniformity of web, and nonhomogeneities of
various types, all propellants are somewhat
degressive. In general, it is not practical to
manufacture grains that are wholly degressive,
or wholly progressive.

A propellant designed to fit a given set of bal-
listic conditions must have its burning rate
closely controlled, which is accomplished
within close limits by proper design of the web
dimensions. Burning may also be controlled by
diffusing a material, which decreases the rate
of burning of the propellant, into the surface of
the propellant grain. In this discussion, it is
assumed that the selected composition is com-
patible with the several general requirements,
such as hygroscopicity, stability, and so on
(see paragraph 4-3) which are prerequisites
for any propellant composition. Based on this
assumption, the proper design and subsequent
acceptance of a particular composition for a
given weapon is made as follows.

At least three small lots of propellant are
made for the particular weapon to which the
improved composition is to be fitted or for

which a propelling charge is required.* With
a knowledge of the weapon characteristics and
of the functioning of other propellant com-
positions in the weapon, an attempt is made
to manufacture these three propellants over a
fairly wide web range; one lot will have a web
that burns slightly too slowly, one will burn at
nearly the correct rate, and one will burn a
little too fast for the weapon.t

Each of the three lots of propellant is test-
fired in the weapon for which it is being de-
signed, in order to establish the charge-veloc-
ity and charge-pressure relationships. This is
done by slowly building up the amount of charge
used until a quantity of charge is reached that
will produce the service velocity of the weapon,
or to a point where the firings must be dis-
continued either because the pressure limit has
been exceeded or because the chamber capacity
has been reached. Since further calculations
are based on the results of these test firings,
they should be conducted with care.

The following is an application of the principle
described above: Figure 4-1 represents the
charge-velocity and charge-pressure curves
for three experimental lots of propellant plotted
on the same ordinate. Examining these curves,
it can be determined that Lot 1 does not meet
the ballistic requirements of the weapon be-
cause the rated maximum pressure (48,000
psi)f will be exceeded before the desired
muzzle velocity of 3,500 ft per sec is attained,
the medium web propellant (Lot 2) also fails
to meet requirements for the same reason;

*From preliminary interior ballistic calculations

there probably is available an estimate of the web
required. However, it is usually considered ad-
visable to test-fire webs slightly larger and slightly
smaller (+10 percent) than the estimated web, in
addition to the one indicated, because of the lack
of specific data providing an accurate value of the
burning rate,

T The relative quickness of a propellant is defined as

the ratio of dP/dt of a test propellant to dP/dt of a
standard propellant of the same composition taken
at the same initial temperature and loading density
of a closed chamber (bomb). (See paragraphs 4-10
through 4-20,)
The rated maximum pressure for any type of gun
is that value of the maximum pressure which is
specified in the propellant specification as the
upper limit of average pressure which may be de-
veloped by an acceptable propellant in the form of
propelling charges which will impart the specified
muzzle velocity to the specified projectile,
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the slowest propellant (Lot 3) can meet the re-
quirements. The completion of propellant selec-
tion depends on the interpretation of these
curves.

Figures 4-2 and 4-3 are constructed from data
taken from the curves of figure 4-1. Figures
4-2 and 4-3 are called "'design curves." Figure
4~2 represents the relationship between web
size and velocity at 95 percent of the rated
maximum pressure. Figure 4-3 isa web-charge
curve, at service velocity (3,500 ft per sec),
plotted from values taken from the charge-
velocity curves. The values used for plotting
curve 2 are obtained by tracing, on the charge-
pressure curve of figure 4-1, the abscissa
which represents 95 percent of the rated maxi-
mum pressure (46,000 psi). Wherever thistrace
intersects a pressure curve, the ordinate of the
intersection is traced to the right to where it
intersects the corresponding charge-velocity
curve. From this latter intersection, the cor-
responding velocity is obtained. This value is
plotted against the web of the propellant in
figure 4-2. Having obtained the web-velocity

curve (figure 4-2), the ordinate representing
the service velocity (3,500 ft per sec) can be
traced to the point of intersection with the
curve, and the corresponding abscissa deter-
mined. This value represents the web that
will give a service velocity at 95 percent of
the rated maximum pressure. In this example,
the most desirable web to meet the ballistic
requirements is found to be 0.099 inch. Pro-
jecting this web value vertically to figure 4-3,
it is found that approximately 409 ounces of
propellant will be required.

While the determination of the optimum web
was successful in this particular example, it
may not be so successful under all conditions.
For instance, it may be that the normal bal-
listic requirements of a certain weapon are
too severe for a given propellant composition.

4-8. Determination of Web Range. Once the
optimum web for a given composition has been
determined, it may not be feasible to manu-
facture a grain with exactly the prescribed
dimensions. To meet this difficulty, a web
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range of thickness must be established. The
lower limit of web thickness is set by pressure
limitations, while the upper limit depends on
such things as flashlessness and chamber ca-
pacity. To establish the web range, it is neces-
sary to fire several propellant lots with web
thicknesses approaching the maximum and mini-
mum web limits in the particular gun for which
the grain is intended. To indicate any tendency
to produce erratic pressures, the charge weights
of these firings should be somewhat in excess
of those required to give service velocity. The
web range established should be as wide as
possible for manufacturing feasibility when the
gun-ammunition combination is desired to de-
liver a velocity close to the maximum attain-
able. Under this condition, the web range that
will satisfy the requirements is very narrow
and requires tight control of manufacturing
processes.

Since the optimum web was determined by
assuming 95 percent of the rated maximum
pressure, it is therefore the thinnest web that
can be used. Any material reduction of the web
will tend to develop a service pressure in ex-
cess of the allowable maximum. However, thin
webs (which tend to produce high pressures)
are somewhat desirable since they require
less charge to meet a given set of ballistic
conditions.

Large webs tend to leave unburnt propellant
at the muzzle and to increase the muzzle
pressure. Both factors increase the tendency
to flash. If the web is too thick, the chamber
capacity may be exceeded before the velocity
level is attained. In certain large-chamber,
high-velocity guns the velocity at a constant
pressure may begin to decrease as the web
exceeds a certain value (this is not a common
occurrence with normal guns).
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DESIGN OF DIES AND PIN PLATES

LIST OF SYMBOLS*

D = maximum outer grain diameter

Dg = die diameter, or external diameter of
green grain
Dp = dry grain diameter
d = inner diameter of grain perforation
dg = pin diameter, or green perforation di-
ameter
dp = dry perforation diameter
L = grain length (usually 2 to 3 times the
maximum diameter)
W = web, or minimum distance between

two directly opposing surfaces

Wj = inner web, or minimum distance be-~
tween two directly opposite interior
surfaces of the grain

Figuve 4-4. Multiperforated grain

4-9. In paragraphs 4-7 and 4-8, the procedure
for establishing web size was described. In
this section, the procedure for designing the
proper-sized die to manufacture a grain of
desired web size will be described.

Propellants are shaped into their final form in
a plastic condition., This plasticity is the re-
sult of the use of volatile solvents to disperse
the nitrocellulose among the other ingredients
of the colloid. Subsequent evaporation of the
solvents during the drying process causes a
shrinkage of the grain that must be allowed for

*See figure 4—4 for application of symbols,

Wig = green inner web
Wip = dry inner web
Wo = outer web, or minimum distance be-
tween an interior surface and a di-
rectly opposing exterior surface
Wog = green outer web
WoD = dry outer web
Wgy = average of the inner and outer webs
WaD = average dry web
P = pin circle diameter
Swo = percent shrinkage of outer web
Swi = percent shrinkage of inner web
Sq4 = percent shrinkage of perforation

in the grain design. As stated in the preceding
paragraphs, a major factor in the control of
burning rate is the control of the web dimen-
sions. Once the dry grain dimensions and per-
centage shrinkage for a given composition have
been established, the propellant can be made
with reasonable assurance that its dry dimen-
sions will be close to expectation. The follow-
ing formulas are used.

Wog - W
Swo = —°§Nog—°D x 100 (1)
Wi -
Swi = lgWig 1D 4 100 2)
dg - d
Sq=-8"9Dy 100 (3)
dg

Dp = 3dp + 4W3p (for multiperforated grain)(4)

dp
d, (pin size) = ———x 100 (5)
g =15

0-S4d
Wap - Vid : Wod ®)
x;’;’ = 1.00 to 1.15 (for multiperforated (7)
grains)
Dg (bore) = 3dg + 2Wog + 2Wig (8)

P (pin diameter circle) = 2dg + 2Wjg  (9)
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WoD

Wog = 00 0

%8 = 150~ 5y * 100 (10)
WiD

Wig= 10 __ x 100 11

‘6~ 100 - Swi 1y

For example, to design the die and pin plate
necessary for the manufacture of a propellant
with an average web of 0.0220 inch and a per-
foration diameter of 0.0127 inch, assume the
shrinkages for this composition for this web
are Sq = 21.0 percent, Swo = 35.0 percent,

Swi = 25.0 percent, and the ratio —22 = 1.04.
Wip
The solution is as follows.
0127

0.
dg (pin size) = m x 100 = 0.0161 (5)

Wop = 0.0229 in. and Wip = 0.0211 in.

WiD +WoD

Wap = —2 9~ 0.022 in. (6)
WoD
Wog = ——0D 0
og 100 - Swo x 100 (10)
0.0229
= —2%% 100 = 0.0352 in.
100-35 %1 2 in

4-14

WiD
W' = — 11
'€= 150 - sy; * 100 (11)
0.0211 .
=100 - 25 x 100 = 0.0281 in.
Dg (bore) = 3dg + 2Wog + 2W1g (8)

Dg = 3(0.0161) + 2(0.0352) + 2(0.0281) = 0.175

P (pin circle diameter) = 2dg + 2Wig

P = 2(0.0161) + 2(0.0281) = 0.0883

This completes all the data required for multi-
perforated propellant except the length, which
is usually about 2.1 times the dry diameter (D).
The dimensions of the die, pin plate, and length
of cut are:

dg = (pin diameter) = 0.0161 in.
Dg = (bore diameter) = 0.175 in.
P = (pin circle diameter) = 0.0883 in.
L = (grain length) = 0.110 in.

This example is typical for web calculations.
The shrinkage values actually vary widely for
different propellant compositions. Representa-
tive shrinkage data for some common pro-
pellants are given in table 4-4.




Representative shrinkage data (Dercenlages)

Table 4-4

Web
Composition Type (dry) L 84 Swi Swo Wy
M1 MP .03 7 25 40 27 33
SP .02 3 40 20
M2 MP .035 3 14 20 20 20
SP .03 4 33.5 7
.09 1.3 14 . 25.5
M6 MP .103 3.5 27 32 24.5 28.5
M10 MP .04 6 38 40 29 34
.024 9.5 40.5 34.5
SP
.018 5.2 49 30.5
M15 MP .055 2 13 7.5 7.5 7.5
M17 MP .098 1 10 13 1 7.5
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CONTROL OF BURNING SURFACE

4-10. Notation. Each of the authors of the
various ballistics systems which we are about
to consider has used his own set of symbols to
define the parameters involved. Because this
condition exists in the literature, it has been
difficult to standardize on any one set of sym-
bols. However, where possible, an attempt has
been made to use consistent notation here. In
the instances where different notation has been
used by different authors to define the same
quantity, the symbols have been changed to read
alike. Where apparently similar, but not iden-
tical, quantities have been encountered, it has
been impossible to identify such parameters by
uniform notation, and, in such cases, the sym-
bols from the original treatises have been re-
tained. Tables of the original notation found in
the references are given in table 4-17.

4-11. Burning of Propellants. The burning of
propellants is a surface phenomenon. A pro-
pellant grain burns in parallel layers, in di-
rections perpendicular to its ignited surfaces,
at a rate dependent on the initial temperature
and pressure. Under constant pressure, a pro-
pellant burns with uniform velocity. An in-
crease in initial temperature or pressure
causes an increase in the characteristic burn-
ing rate of a composition, so that a rapid
acceleration of burning rate results from burn-
ing a propellant under confinement. Under
variable pressures, as in a gun, a grain will
burn at a variable rate.

4-12. Linear Burning Rate. The linear burning
rate is the distance (in inches) normal to any
surface that the propellant burns in unit time
(say, one second). Theoretically, this property
is a function of the chemical composition of the
propellant and is not a function of propellant
geometry. At present, there are two methods
used to determine burning rates, the strand
burner and the closed bomb.

a. Strand Burner. This method is applicable
only if the propellant is in the shape of a
strand, or a strip, such as in rocket pro-
pellants (in which it has its most pertinent
application). This device measures the time
required for a propellant strand to burn a
predetermined distance (five inches between
fixed electric probes). With this method, it is
possible to measure burning rates at any tem-
perature. However, burning rates are usually
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measured at -40°C, +21°C, and +71°C, at pres-
sures varying from atmospheric up to 50,000
psi at any specified pressure intervals.

b. Closed Bomb.2 This method is used for
most gun propellants, which are not usually
manufactured in the form of strands. The
closed bomb is a thick-walled, steel-alloy cyl-
inder with removable threaded plugs in front
and rear which permit access to its interior.
The front plug contains the ignition mechanism,
and the rear plug contains a piezoelectric gage.
The bomb is cooled by a water jacket.

The closed bomb test is used to obtain data,
under varying conditions of temperature and
pressure, for use in determining the interior
ballistic properties of propellants, such as the
linear burning rate, relative quickness, and
relative force. This test allows a prediction
to be made of the behavior of any given pro-
pellant in any gun, serves as a manufacturing
control test, and may serve as a substitute for
proving ground tests. Usually, the output of the
gage is recorded as time-rate of pressure rise
as a function of the pressure.

When the closed bomb test is used, a com-
parison is made between closed bomb results of
a propellant under test and of previous lots of
propellants of the same composition of known
ballistic value. Mathematical treatment of
closed bomb results, dP/dt as a function of p,
together with propellant granulation form func-
tions (paragraph 4-20), yields the linear burn-
ing rate dX/dt. The actual method of obtaining
the data may vary at different establishments,
but at Picatinny Arsenal an oscillographic
method is used, which measures the pressure
developed in the bomb by means of a quartz
piezoelectric gage. The circuitry used enables
the charge generated by the gage to cause the
horizontal deflection (Vx) of an oscilloscope
trace to be proportional to the pressure (P) in
the bomb, while vertical deflection (Vy) is
proportional to the rate of change of pressure
(dP/dt) at the same instant. The maximum
pressure developed in the bomb is measured
as the maximum horizontal deflection of the
trace.

In this method, the data are obtained as oscillo-
grams superposed on rows of calibration dots.
(See figure 4-5, which illustrates a typical




trace.) The dots are set 0.25 volt apart (cor-
responding to approximately 5,000-1b pressure
increments) and distances between dots are
measured by use of a transparent interpolator,
shown in figure 4-6. The complete description
of the apparatus and test procedure may be
found in reference 1. Interpretation of the data
obtained from the oscillograms enables a de-
termination of the ballistic properties of the
propellant under test.

Vx

Figure 4-5. Pressure (P) versus vate of
change of pressure (dP/dt)

Figure 4-6. Transparent interpolator

This description is confined to methods of cal-
culation and interpretation of the data obtained.
The values of Vy and Vy may be converted
respectively to values of pressure and rate of

change of pressure by equations (12) and (13),
which are derived in appendix I of reference 3.*

P = K(CxVy) (12)
D S NS S 13
dp/dt = RV, (cy) )
l1-Am —c;
where
P = pressure developed by the burning
propellant

dP/dt = time-rate of change of pressure of
the burning propellant

K = gage constant of the piezoelectric
gage

Vx = voltage across the capacitance Cy

Vy = voltage across resistance R

Cx = capacitance of the pressure-meas-
uring circuit

Cy = capacitance of the rate-of-change

measuring circuit
R = resistance in the rate-of-change
measuring circuit
am = slope = AVy/AVx at any point on
the curve.
The expression

1

- am(S¥
1 Am(cx)

is a correction factor due to the capacitor Cy
in the rate-measuring circuit. A nomograph has
been devised which enables this correction
factor to be read directly from the dP/dt
curve with a minimum of mathematical
computation.

*For the sake of consistency within this section, the
symbols of the original reference have been substi-
tuted as follows:

Original reference3 This handbook

a = covolume of prepellant =7
aj = covolume of igniter ="
B = shortened notation for

equation (15) =G
C = shortened notation for

equation (16) =H
h = propellant web =W
m, = weight of unburned propellant =C
m; = weight of igniter =Cy
w = grain width =D
Z = fraction of web burned =N/C

slope = AVX/AVy =Am

o
[y
~3



To calculate a linear burning rate from the
oscillographic data obtained, a method used at
Picatinny, considered to be the best-balanced
between accuracy and speed, uses equation (14).

dx _ dz/dt (14)
dt  Sx/Vo
G G dt \P - Pj
) 1+ P-B; 1+ b-1B;
Sx/Vo
where

P and dP/dt are obtained as described above

Pj is the pressure due to the burning of

igniter alone, which is obtained empirically.
About 300 psi are developed by two grams of
black powder in a 174-cc bomb. For rough
approximation, Pj in equation (14) may be taken
equal to zero.

G is calculated from equation (15).

(Pmax - Pi) [1 -(n +%i"7i )Do]

G= (m - b)Do (15)
in which
C = weight of propellant

Ci = weight of igniter
n = propellant covolume by the method of
reference 4. For sample calculation,
see reference 3, AppendixII-F, p. 191f.
Mj = igniter covolume, assumed to be 0.87

cm3/gm. (See reference 5.)
Dy = loading density of propellant, alone,
C/VB
b = specific volume of propellant; the re-
ciprocal density before combustion.
(For sample computation, see refer-
ence 3, Appendix II-G, p. 20.)

H is calculated from equation (16).

(b S0
1- +F"71 o]

(n- b)Do

H-= (16)

Z-= g = fraction of powder burned

1
=H
G

(1+ITPi)

dZ/dt = rate of burning of fraction of powder

burned at time t = a7
2
1 1 dP H
G = G dt |P -P;
1+P-Pi 1+P—~~-~—_pi 1

S4/V, = ratio of surface area tooriginal volume
when grain has burned a distance x,
normal to grain surface.

Form functions of Z and Sx/Vo in terms of X
may be calculated for each grain geometry. The
form functions for the most common geom-
etries are included in paragraph 4-20, where
they are correlated with their equivalent ex-
pressions in the Hirschfelder interior ballistic
system.

A consideration of dP/dt versus P, plus the
appropriate form function, equation (14), yields
the linear burning rate, dX/dt with respect to
P, for a particular grain geometry.

dX _dz/dt .. .
dt _Sx/Vo = linear burning rate (14)

After the linear burning rates have been cal-
culated from equation (14), the procedure is to
plot these values against pressure on appropri-
ate graph paper (figure 4-7) to determine a
burning equation. The burning of most pro-
pellants seems to follow one of three general
laws:

dx/dt = a + BP (18)
dx/dt = BPR (19)
dx/dt = a + BPD (20)

where a, B, and n are constants. (See para-
graph 4-15.)

4-13. Relative Quickness. Relative quickness
is defined as the ratio of the average rate of
pressure rise of a propellant lot under test to
the average rate of pressure rise of a standard
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Figure 4-7. Linear burning rate vevsus
pressure

propellant of the same formulation at the same
specified pressures when each is fired in the
same bomb under the same loading density and
test conditions. When the test sample and
standard propellant are similar in quickness,

the relative quickness can be taken as the ratio
of the Vy values without making any corrections
for the circuit capacitance. When the quickness
of the test propellant and standarddiffer widely,
equations (12) and (13) must be used to obtain
the correction for Vy before comparison can
be made. The values of dP/dt are plotted as
functions of P (calculated from the 0.25-volt
intervals of Vyx). The values of dP/dt at 5, 10,
15, 20, and 25 thousand psi are taken from the
graph (figure 4-7) and the relative quickness
is calculated as in the example below. (See
table 4-5.)

4-14. Relative Force. In interior ballistics
use, the term "force' is related to the energy
released by a given propellant; that is, Force =
(PV)r = nRTy, where (in closed bomb work) P
is the maximum pressure developed and V is
the volume of the bomb. Since the bomb volume
is constant, relative force is defined as the
ratio of the observed maximum pressure de-
veloped by a lot of propellant under test, to the
maximum pressure developed by a standard
propellant, when each is fired in the same
bomb under the same test conditions. Since
pressure is measured as P = KCxVx [equation
(1)), if Cx is constant the relative force re-
duces to the ratio of the maximum x-voltages

Table 4-5
Relative quickness and relative force
P dp/dt x 10~ Rel. quickness, Rel. force,
ratio test/std. ratio test/std.
(% (%)
Prop. #1
(std.) #2 #3 #2 #3 #2 #3
*5,000 1.03 1.32 1.27 128 123
6,000 1.18 1.55 1.46 132 124
10,000 1.82 2.44 2.27 134 125
15,000 2,73 3.50 3.35 128 123 1,77 _ 1,76 _
1.81 1.81
20,000 3.67 4,70 4.55 128 124
98.0 97.2
25,000 4.66 6.09 5.82 131 126
Avg Max 130 124
Vx 1.81 1,77 1.76

*Value of dP/dt used, extrapolated.
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« recorded on the oscillograms. Values of maxi-

mum Vyx are obtained by measuring a vertical
tangent to the trace at the point of maximum
pressure, using the 0.25-volt interpolator. A
sample calculation of relative force is included
above.

For a complete description of closed bomb
technique as used at Picatinny Arsenal, see
reference 3. Another application of closed
bomb information as used by the Navy is
described in reference 7.

4-15. The Proportional Law of Burning Rate.8
The minimum distance between any two ad-
jacent surfaces of a propellant grain is called
the web. The rate at which the web decreases
is a function of the gas pressure produced in a
gun due to the burning of propellant grains.
It is assumed that burning proceeds only on the
inner and outer grain surfaces, that is, burn-
ing of the ends of the grains is neglected. The
type of burning most usually encountered fol-
lows equation (19), dx/dt = BPR (in. per sec).
For M10 propellant this equation would be

g - 4.53 x 10-3 p0.7 (21)

For ease of computation, it is desirable to ex-
press burning rate as proportional to pressure

dx
(F = 1‘1 = BP (22)

or, to make equation (19) more useful in the
Hirschfelder system, an attempt is made to
make n equal to unity, in which we consider
what should be the value of the coefficient B to
make n =1, while the value of ry remains con-
stant. The value of B used in equation (22) is
an effective value. This effective value is ob-
tained from a plot of the curve of equation (21).
(See figure 4-8.) A curve of this nature allows
a person desiring to use a proportional law to
obtain a value of B that best represents the
actual burning law over a desired pressure

range.

The abscissa is first divided into arbitrary
intervals. Then, for each of these intervals,
the portion of the curve (from the start of the
interval to the maximum point of the curve in-
cluded in the interval) is replaced by a line of
least-square fit. The least squares are obtained
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Figuve 4-8. Proportional law to detevymine
value of B for n=1

at three-, six-, and nine-tenths of the maximum
value of an interval. The maximum value for
the intervals is called the peak pressure (Pp),
distinguishing it from all other values, which
are average pressure values. The slope of
each of the straight lines thus obtained is B.
It can be seen from figure 4-8 that, as the
peak pressure increases, the slope decreases;
thus, the maximum value of B occurs at the
minimum peak pressure. Values of B are
plotted against peak pressures in figure 4-9.

4-16. Effect of Grain Shape on Burning Rate.
Although the linear burning rate of a propellant
is characteristic of the formulation and the
pressure, the granulation affects the overall
rate at which the propellant is transformed to
gas, since the surface exposed is determined
by the granulation. The best form of propellant
grain from a ballistic viewpoint is one which,
with the smallest weight of charge,will impart
a prescribed velocity to a projectile without
developing a pressure in excess of the per-
mitted maximum. In this connection, uniformity
of ballistic effect must also be considered.
Figure 4-10 illustrates the relation between
grain shape and ballistic effect. It should be
noted that, for equal weights of identical pro-
pellant composition, the position of the pressure
peak in the gun is very weakly dependent on
the grain shape, while projectile velocity de-
pends only on charge weight. The criterion
for the selection of a particular granulation is
the maximum pressure.
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Figure 4-9. Values of B determined by least-squaves fit

The most important dimension of the propellant
grain is the web thickness. The web size of
a multiperforated grain refers to its average
web. Relatively slight changes in the average
web of a propellant result in appreciable
changes in the required weight of propellant
charge and maximum pressure produced, for a
given muzzle velocity of the projectile. Figure
4-11 illustrates the relation between surface
area and weight percentage burned for various
grain shapes.lo When z (or N/C, the fraction
burned), is zero, the ratio S/So must be unity
for all grain shapes.

4-17. The Form Function. It is assumed that
all of the exposed surfaces recede at the same
rate when propellant burns. Thus, there is a
simple relation between the fraction of pro-
pellant burned and the distance that each sur-
face has regressed. The mathematical ex-
pression of this relationship, for any par-
ticular propellant granulation, is called the
form function for that granulation. In the fol-
lowing paragraphs we present two approaches

to the solution of workable form functions, and
show how the different systems may be cor-
related. Corner's9 treatment is similar to the
Hirschfelder4 treatment, except that the former
uses a form coefficient §, based on experiment,
whereas the latter uses a set of k's based on
geometry.

4-18. Corner Form Coefficient, 5. If a long
cord of propellant, of initial diameter D, burns
under a pressure P, the rate of recession is
uniform over the surface of the cord, and is
expressed as 1/2B(P). The amount of gas
generated up to time t is C¢(t), where C is the
initial weight of the cord and ¢ goesfrom 0 to 1.
The diameter of the cord remaining at the time
t is fD.

Neglecting the small contributionfrom the burn-
ing of the ends of the cord, we have the geo-
metrical relation

¢=1-12 (23)
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and the expression of our definition of the rate
of burning is

df

3t (24)

D 3= -B(P)
In the solution of the equations of interior
ballistics, f is a convenient variable, but as
it appears only in these two equations and not
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other shapes. Single perforated grains of initial
external and internal diameters di and d2,
respectively, have D = 3 (d; - dg), and {D as the
annulus remaining at time t. The geometrical
relation is

b = 1-f (26)
and the burning rate is still the same as in
equation (24), leading to

27

oile]

d¢
dt




This assumes that the rate of burning is the
same on all surfaces of the propellant, and that
the inner and outer surfaces are coaxial.

Both cord and single-perforated grains may be
brought into the same scheme by choosing the
dimension of the grain along a direction normal
to the surface at two points of intersection,
where the direction is in one instance passing
into, and at the other instance passing out of,
the propellant. The smallest such diameter is
called the web size.

Next, we define fD as the remaining web when
a fraction ¢ of the propellant has been turned
into gas. From the definition of the rate of
burning, given in equation (24),

df
D = -B(P) (24)

For certain shapes, ¢ =1, when f=0. For a
still more restricted class of shapes, ¢ and f
are related geometrically by

¢ = (1 -0)(1 +61) (28)

where ¢ is a constant for a given shape. For
example, 6 = 0 for single perforated grains,
and 6 = 1 for long cords.

It is seen that D is defined by reference to a
direction which will not exist for a shape
chosen at random. For shapes of fairly high
symmetry, D will have a meaning. The defi-
nitions of f and equation (24) then follow with-
out exception. There is, however, no guarantee
that when this dimension has been eaten away
all the solid propellant will have turned into
gas; only for simple shapes does this occur.
Finally, equation (28) is a very special form.
We shall discuss the most common shapes to
illustrate the various possibilities.

With long cords and single perforated grains,
there is no difficulty. The web is easily found,
and equation (28) holds when 6 =1 and 0,
respectively. Equation (28) may be referred to
as the "form function," with 9 as the "form
factor" or "form coefficient." ¢ is a measure
of the change in the area of the burning surface
as burning proceeds. The burning surface of a
long tube remains constant (¢ = 0), and the sur-
face area of a cord decreases to zero as the
burning proceeds. The ratio of the initial and

final surfaces is (1 + ¢)/(1 - 6). Thus, the
larger the ¢, the faster the decrease in surface
and the faster the drop in the rate of evolution
of gas at constant pressure. Shapes of positive
6 are said to be 'degressive,” and those of
negative 6 to be "progressive." Shapes, such
as tubes, with 6 = 0, are sometimes said to be
"neutral."

The possible range of 6 is restricted. 8 cannot
be less than -1, for otherwise ¢ would be nega-
tive for f near unity. Nor can 9 be greater than
unity, for then ¢ would be greater than unity
for some accessible range of f. This does not
mean that the cord, with its & = 1, is the most
degressive shape possible. The sphere has a
surface which decreases even more rapidly
(figure 4-12). In this case, D comes out, by our
prescription, as the diameter, and¢ = 1 when
the remaining diameter is zero. Equation (28)
cannot express precisely the relation between f
and ¢ for every geometric shape, although a
satisfactory approximation can often be made
by a proper choice of 8. The true geometric
form function is ¢ = 1 - 3 for a sphere. Al-
though almost all grain shapes could be covered
by writing ¢ as a cubic in f, this is not done
because the analytical solutions of the ballistic
equations would be much more difficult.
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Figure 4-12. Relationship of form factor
to rate of change of avea of
burning surface
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4-19. Form Coefficient for OSRD 6468. Let N
be the weight of propellant burned up to any
time t, so that N/C is the fraction of propellant
burned. Let W be the web thickness, which in
the case of multiperforated grains is the mini-
mum thickness before the grains splinter. Let f
be the fraction of the web that remains un-
burned at any particular time. The OSRD 6468
ballistics are based on a form function that
expresses N/C as a quadratic function in f;
thus

N/C = kg - ki + kof2 (29)

where kg, ki, and k2 are all constants that
depend on the granulation and grain shape. The
form functions for all grain shapes, except the
seven-perforated, can be expressed rigorously
as cubic equations. However, since this would
unnecessarily complicate the ballistics, and
since the f3-term is always quite small com-
pared to the other terms, the quadratic ap-
proximation is used in practice. This approxi-
mation never differs from the exact expression
by more than 0.05.

a. Constant Burning Surface. Theformfunc-
tion for a grain with a constant burning sur-
face is

N/C = 1-f (30)

which is a simplification of equation (29). This
is the simplest of all the form functions. Its use
greatly siinplifies our ballistic computations.
It is derived from a consideration of a grain
such as a sheet, whose web is so very small,
compared to its length and width, that W/D and
W/L can be considered equal to zero.

ST
H o
QO =

(3

b. Strip Propellant. The web of this grain is
its thickness and the k-coefficients are:

ko=1
_ W W w2
Kl=1-1--95+31D
W W w2
k2=-1 -D*2mD
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c. Cord Propellant. Cord propellant is not
used very much in the U. S. but is used ex-
tensively in Britain. The exact form function is

N/C=1-(1- %’)fz-(%)ﬁ (30a)

but replacing £3 by its approximate equivalent
(3/2)f2 - (1/2)f gives the approximate form
function

N/C=1+@Hi- (1+5D2  (300)

For cord propellant

ko=1

w

K1=-31
kg =- (1+51)

For a very long cord, neglecting the burning
of the ends of the cord, where W/4L is nearly
Zero, we can use

N/C = 1 - 2 (31)
where
o=1
ki = 0
ko = -1,

d. Single-Perforated Grain. This granula-
tion is in common use in the U. S. for small-
caliber weapons. The web of this grain is one-
half the difference between the outer and inner
diameters. The form coefficients are

No approximation was made here, but if W/L
is quite small the form for constant burning
surface may be used, and is recommended
except for very accurate work.

e. Multiperiorated Grain (Seven-Perforated).
Form functions for the burning of this granula-
tion, which is the most common in use in the
U. S. for large-caliber weapons, are more
complicated than those described above. The
burning is considered to occur in two stages,
a progressive stage, before the web burns




through to the formation of unburned splinters;
and a regressive stage, during the burning of
the splinters. The burning in each stage is
approximated by a separate quadratic form
function.

1. Progressive Burning. The burning of
the grain before splinter formation may be
treated analytically. Values of kg, kj, and
kg, to be used in equation (29) for various
values of the ratios D/d (grain diameter to
web diameter) and L/D (grain length to
diameter), are given in table 4-6. The curve
of figure 4-13 (obtained from reference 4,
based on reference 6) is a plot of the burning
of a grain with D/d = 10, and L/D = 2.5. It
will be noticed that the slope increases up to
f = 0, where the splinters form.

Table 4-6

2. Regressive Burning. After splintering,
shown by the flex in the graph at f = 0, the
slope decreases. This part of the curve is
represented by another quadratic of theform

N/C = Ky - Kif + k2 (32)

This is actually a continuation ,of the curve
to the left of f = 0. It is shown in reference
4 that if the curve is made to pass through
the points (f = {5, N/C = 0),(f =0, N/C = ko),
and (f = -0.5, N/C = 1), the resulting ex-
pression is a satisfactory approximation
to the form function in the regressive in-
terval. Accordingly, the form function to use
in the interval after splintering is given by
the following equations.

Form functions for seven-perforated propellant

L/D
1.5 2.0 2.5 3.0 3.5

D/d
ko 0.8409 0.8362 0.8335 0.8316 0.8303
8 k1 0.9111 0.9300 0.9414 0.9490 0.9544
ko 0.0702 0.0938 0.1079 0.1174 0.1241
ko 0.8498 0.8451 0.8423 0.8405 0.8391
9 k1 0.9298 0.9507 0,9633 0.9717 0.9776
ko 0.0800 0.1056 0.1210 0.1312 0.1385
ko 0.8563 0.8516 0.8487 0.8468 0.8455
10 kq 0.9447 0.9673 0.9808 0.9898 0.9963
ko 0.0884 0.1157 0.1321 0.1430 0.1508
ko 0.8612 0.8565 0.8536 0.8517 0.8503
11 k; 0.9569 0.9809 0.9952 1.0048 1.0116
ko 0.0957 0.1244 0.1416 0.1531 0.1613
ko 0.8652 0.8603 0.8574 0.8554 0.8541
12 k1 0.9673 0.9923 1.0073 1.0173 1.0245
ko 0.1021 0.1320 0.1499 0.1619 0.1704
ko 0.8682 0.8633 0.8604 0.8585 0.8571
13 ky 0.9760 1.0020 1.0177 1.0281 1.0356
ko 0.1078 0.1387 0.1573 0.1696 0.1785
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3. Simplified Form Function for Seven-
Perforated Propellant. It is often convenient
for the purpose of rough calculations to con-
sider the seven-perforated grains as having
a constant burning surface throughout their
entire burning. This approximation cor-
responds to replacing the true form function
by the dotted line in figure 4-13, which is
a graph of N/C =1 - f with specific values.
Since it is desired to vary f between unity
at the beginning and zero when all of the
propellant is burned, instead of between 1.0
and -0.25, as indicated by the dotted line in
figure 4-13, we must define an adjusted
web equal to 1.25 times the actual web
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thickness. With this adjusted web and the
corresponding f,

=1-f

Q2

Stating this another way, we may say that a
seven-perforated propellant is ballistically
equivalent to a single-perforated propellant of
1.25 times its web thickness. The factor 1.25
may vary somewhat between 1.23 and 1.28,
depending on the conditions of firing, and on
whether the ballistic equivalence of the two
propellants is based on the same muzzle veloc-
ities or the same maximum pressures.

4-20. General Form Functions. The particular
equations (form functions) used to describe the
change in grain geometry during burning as a
function of web or linear distance burned are
determined by the ballistic method used. Para-
graphs 4-18 and 4-19 have described the form
functions used in the Corner and Hirschielder
systems. The form functions of the most com-
mon granulations, as used in the method of




subparagraph 4-12b, are included here along
with their exact equivalents, since their deri-
vation is time—consuming.11 The symbols used
in the various equations are listed below.

% = fraction of charge burned

N = amount of charge burned

C = initial amount of charge

Vo = initial volume of grain

Vx = volume burned at any linear dis-

tance (X)

So = initial surface of grain

Sx = surface of grain burned at any linear
distance (X)

X = fraction of propellant remaining
Vo (N/C=1-V/V,)

X = linear distance burned to flame front,
perpendicular to burning surface

f = fraction of web remaining

Sx

—<— = progressivity

So

R, r = larger and smaller radii, respec-
tively, of grain geometry

W = web, or thickness
L = length

D = width

(N

ote that Z = 1 - Vx/Vg)

a. Equations for Strip Propellant. The exact
formula for fraction of charge burned is

2
N 1+(LW+DW—LD—W)f

C LD
. (2W2 - LW - DW) .2
LD
w23
LD

L and D are both assumed to be much greater
than W, and the f3 term is assumed negligible.
With these assumptions, the Hirschfelder form
can be shown to be

=1-f

alz

which is the Hirschfelder form function for a
constant burning surface. The other equations
are as follows.

Sx 2(LD + DW + LW) - 8(L + D + W)X + 24X2
Vo Lwh

2(LD + DW + LW)X - 4(L + D + W)X2 + 8x3

Z-= Twh

b. Equations for Cord Propellant. The exact
equation for fraction of charge burned is

N 2R-L .2 2L .3

—=1 fe - ==f

c~ T T L

where R is the radius of the cross section of
the cord. The Hirschfelder approximation for
this is

N_(-p@a+n=1-12

o

on the basis that L is much greater than R, so
that R becomes negligible by comparison. Since
f is a decimal, it becomes insignificant when it
is cubed, and the f3 term drops out. The other

equations, given without derivation, are as
follows.
2
lel_Z(R +RL)X 4R+LX2_ 2 ¢3
Vo R2L R2L R2L

Sx 2(R2+ RL) - 2(4R + L)X + 6X2
So R2L

2(R + RL)X - (4R + L)X2 + 2x3

7 -
R2L

c. Equations for Single-Perforated Propel-
lant. The exact formula for N/C is

§=1+R—r-Lf_R-rf2

C L L

where the web (R - r) is assumed much less
than the length (L), so that N/C becomes equal
to (1 - f). This again is the Hirschfelder
equation for a constant burning surface. The
Hirschfelder equivalent, before simplification,
is

N_q. 2
C—l kif + kof
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where

(See subparagraph 4-19c.) The other equations
are given below.

Sx 2(R-r+L)-8X

\—/g= LR- 1)
_2(R-r+ L)X - 4x2
Z= LR -1
Vx 1-2(R-r+1L) 4 9
Vx _ X
o LR-1 S'LE-D

d. Equations for Multiperforated Grain. The
exact formula for N/C is

N _ R3 - R2r - 5R2r - 3r3
C 16(R2 - r2)

14R2L - 4RL - 114r2L
+
16(R2 - r2)

9R3 - 49R2r + 35Rr2 + 93r3 - 20R2L

+

16(R2 - 7r2)
40 RrL + 60r2L .
16(R2 - 7r2)
-13R3 + TTR2r - 111Rr2 - 9r3 + 6R2L
+

16(R2 - Tr2)

- 36RrL + 54r2L 9
16(R2 - 7r2)

3R3 - 27R2r + 81Rr2 - 81r3

3
16{(R2 - Tr2)

+
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In the Hirschfelder system, the equivalent form
function is represented by a cubic equation
[see reference 4, p. 129, equations (14) and
(15)] that is simplified to a pair of quadratics
of the form

2
N/C:ko-k1f+k2f

where the coefficients k., k;, and kg are ex-
pressed in terms of grain diameter, grain
length, and web. (See subparagraph 4-19d.) The
other equations are

Sx 2[R+ Tr)L + (R2 - Tr2)

Vo L(R2 - r2)

- 4 2(R + Tr) - 3L]X - 36X>

L(R2 - Tr2)

2[(R + Tr)L + (R2 - Tr2)]X
Z=

L(R2 - Tr2)

- 2[2(R + 7r) - 3LIX2 - 12x3
L(R2 - Tr2)

+

’A
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THEORETICAL METHODS OF INTERIOR

BALLISTICS
Table 4-7
Table of symbols
Symbol Unit Definition
A in.2 Cross-sectional area of bore
a in.3 per Ib, n - %
0 23,969 (5)
B w Burning constant
(Ib per in.2)
2
b ft2 per sec2 n%)-
C 1b Charge weight
Cy Specific heat (constant volume)
ey ft per sec j1CF(B/W)
A
eg ft-1b per in3 e2? m'
Ve
F ft Powder impetus
f Fraction of web remaining unburned
fo Initial value of f
g ft per sec2 Acceleration due to gravity
z
3 exp f z dz
o Q+2z-uzl
. No
Jo -
C
i ky - 2kof,
2 ky - 3Ky
K, kl’ k2 Form-function constants
L in, Travel of the projectile
M 1b Weight of projectile
m slug Effective mass of projectile
m' slug Modification of m
N 1b Weight of powder burned
N, 1b Weight of powder burned when projectile begins
to move
P Ib per in.2 Space-average pressure
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Table 4-7

Table of symbals (cont)

Symbol Unit Definition
P, Ib. per in.2 Initial value of P
po Ib. per in.2 aOp
P, Ib. per in.2 Pressure resisting projectile motion (friction)
Py Ib. per in.2 Pressure on base of projectile
by y-1
Q o1y X _ 4
(1 2 JlfoZb Xo ™o
q JoZb
11fo
R _energy Gas constant
(gm-mole®K)
aAojzfo
r _
Zp
zZ dz
S J 4
L5
T oy Absolute temperature of gas
To ok Isochoric flame temperature
t sec Time from beginning of motion of projectile
1 kof,
u Py (? -1 - —
2 J12Zy
v ft per sec Velocity of projectile
Ve in,3 Chamber volume
in, Web of powder
X in, Distance from the base of the projectile to a
point fixed with respect to the gun
V,
X, in, Effective length of chamber = -£
X i - 77Ao
X,
X .
y Xq a
y' y-rZ
z A4
€2
Zy, Value of Z at the time the powder is all burned
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Table 4-7

Table of symbols (cont)

Symbol Unit Definition
a Geometric density of loading
r Function of Zp (or Zg) and PI;.o
Y Ratio of specific heats
2 Pseudoratio of specific heats
A 1b per in,3 Average density of gas
A gm per cm3 Density of loading, A = 27.68 A,
3 Constant depending on ratio of charge weight C
to projectile weight M
n in,3 per lb Covolume of gas
e 1b per in.3 i\OX—OrMn_
Ky jo - kafo (f - %)
a
¢ % - 77Ao)
o Ib per in.3 Density of solid powder
a
¢ G
Table 4-8
Symbols proper to the RD38 method only
Symbol Unit Definition
D in.2 Initial web size
E in.3 Al (initial free space behind shot)
fD in, Remaining web
M! Central ballistic parameter
RTo ft-1b Force constant
A ft-1b per 1b Effective mean force constant
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4-2]. Introduction. When a gun is fired, the
primer delivers energy in the form of hot
gases to the individual propellant grains in the
propelling charge, and initiates the decomposi-
tion reactions of the propellant. It is known
that in many artillery rounds deficiencies of the
ignition system cause nonuniform distribution
of primer energy and, consequently, time dif-
ferences in initiation of various parts of the
charge. For ease of mathematical treatment,
however, it is assumed that all grains are ig-
nited on all surfaces instantaneously. The rate
at which the solid propellant is transformed to
gas depends on total exposed surface and on
the pressure surrounding the grains. If there
were no mechanism serving to increase the
volume available for gas (chamber volume
minus the volume taken up by the solid, un-
consumed propellant), the pressure would rise
at an increasingly high rate until the propellant
was all transformed to gas. This is the action
in a closed bomb, where the loading density
(propellant weight divided by chamber volume)
seldom exceeds 0.2 g/cc, and the pressure
may be as high as 45,000 psi. At the loading
densities usual in guns, however, if the volume
did not increase during propellant burning the
pressure would become excessively high. This
increase in volume is provided by the forward
motion of the projectile with an acceleration
proportional to the force exerted by the cham-
ber pressure on the projectile base. The pro-
jectile begins to move as soon as the force on
its base is high enough to overcome the crimp
and to inscribe the rotating band in the forcing
cone. As the volume increases, the bulk gas
temperature decreases, and the internal energy
change of the gas is mostly accounted for by
the Kkinetic energy acquired by the projectile.
In the beginning, when the projectile is moving
slowly, the pressure increases as a result of
propellant burning. A proper balance of the
factors that influence propellant burning and
projectile motion determines the maximum at-
tainable pressure. After this, the rate of vol-
ume increase more than compensates for the
rate of gas production, and the pressure be-
gins to drop. The point of maximum pressure
occurs when the original volume has about
doubled. After the propellant is completely
transformed to gas, the pressure drops more
rapidly. The projectile continues to increase
in velocity, at an acceleration proportional to
the pressure until it emerges from the muzzle
of the gun. (See figure 4-14.)

4-22. Fundamental Equations of Interior Bal-
listics. Interior ballistics attempts to predict
mathematically the effects described quali-
tatively above. The fundamental mathematical
relations are: (a) equation (43), representing
the rate of burning; (b) equation (33), repre-
senting the motion of the projectile; (c) equation
(42), the energy balance equation; (d) equation
(34), the equation of state of the powder gas;
and (e) equation (47), an equation expressing
the variation of weight fraction of propellant
remaining with fraction of web burned.

Interior ballistics is concerned with the simul-
taneous solution of these equations, which are
correctly modified to take into account pro-
jectile friction, the distribution of the gas, the
heat lost to the bore, and other second-order
effects.

The variety of systems of interior ballistics
that have been proposed differ in the number
of simplifying assumptions made in order to
obtain a solution of these equations. If time is
no object, or if automatic computing machines
are available, it is possible to solve these
equations by maintaining a strict analogy to
the physical phenomena. A quick hand com-
putational technique, however, requires some
simplification. Two excellent compromises be-
tween exactness and ease of calculation are
outlined in references 1 and 2. We reproduce
below the method of reference 2, and two very
much simpler techniques, one in use in the
United Kingdom (RD38) and the other in con-
siderable use by the U. S. Navy (Le Duc).

4-23. Basic Problems. The basic problems to
which solutions are desired are of the follow-
ing two general types.

a. Given the type, web (essentially a mea-
sure of available burning surface), and weight
of the propellant; the weight of projectile; and
the characteristics of the weapon, calculate
the expected maximum pressure and muzzle
velocity.

b. Given the characteristics of the weapon;
the weight of the projectile; and the muzzle
velocity and maximum permissible pressure,
find the weight and web of propellant required
(to this problem, there may be no practical
solution).

In each of these cases it may be necessary to
establish the point-to-point relationship among
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Figure 4-14. Pressure versus time and pressure versus travel curves

time, position of the projectile, velocity and
pressure; or the muzzle velocity, maximum
pressure, charge, and web may be the only
values desired.

4-24. Development of the Fundamental Equa-
tions. The equation of motion of a projectile
is one of Newton's laws. This equation states
that the force is equal to the product of the
mass and the acceleration. In the case of a
gun, the force causing the acceleration of the
projectile is the product of the pressure and
the area on which it acts. Thus,

APy =— —=—V — (33)

where A is the cross-sectional area of the base
at the beginning of motion of the projectile, and
X is the distance the projectile has moved. M is
the weight of the projectile, so that M/g is its
mass (g is the acceleration due to gravity).
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Px is the pressure on the base of the projectile,
and t the time measured from the beginning of
motion of the projectile. Normally, the cross-
sectional area of the chamber is larger than
that of the bore. It is convenient to define the
zero point of X so that AX is the total volume
behind the projectile available to gas and
solid powder. However, the zero point may also
be the position of the projectile base before
motion occurs. In that case the distance trav-
eled is denoted as X and the equation of motion
is

M d2x
APx = — —

g dt2 (33)

4-25. Equation of State. The equation of state
of the powder gas is the relation among the
pressure, the density, and the temperature of
the gas. This equation is to some extent em-
pirical. The virial equation of state is the most
general form. This equation gives the pressure




in terms of a power series in the density. How-
ever, it is apparent that such an equation would
considerably complicate the equations of in-
terior ballistics. It can be shown that the Abel
equation of state applies with sufficient ac-
curacy under the conditions of the gas in the
gun tube. The Abel equation of state is the
van der Waals equation with the constant a
omitted because it is negligible at the high
temperature prevailing in guns. The Abel equa-
tion of state is

p(% -7) = nRT (34)

where A is the average gas density, n the co-
volume of the gas; P the space-average pres-
sure; T the absolute temperature; n the number
of moles of gas per unit weight; and R the usual
gas constant.

The volume available to the propellant and the
propellant gas is V. + Ax, where V¢ is the
original volume (the volume of the cartridge
case corrected for the volume occupied by the
projectile extending into the case beforefiring).
If p is the density of the solid propellant, then,
since C - N is the amount of propellant remain-

ing unburned, C-N is the volume occupied by

the solid propellant remaining. The volume
available to the gas is

C-N
Vc+Ax-( > >

and the gas density is given by

N
C-N (35)

A =

Vc + Ax -

Let us define two constants characteristic of
the powder.

.1
a=7-= (36)
F = n RT (37)

The equation of state becomes

Ve + Ax- (C - N)/p _ T  (38)
P[C N ""]‘F"TE

Simplifying, we get

p[vc+Ax-9-aN]=NFT— (39)
P To
4-26. Energy-Balance Equation. The energy-

balance equation simply states that the loss of
internal energy of the gas is equal tothe kinetic
energy of the projectile. Thus

NfTO CydT = 1/2 My2 (40)
T g

Where V is the velocity of the projectile, N the
amount of powder that has been burned, Tq the
flame temperature, and Cy the specific heat of
the gas at constant density. We assume that Cy
is constant in the region of temperatures in-
volved, so that

NCy (To - T) = 1/2 %Vz (41)

Then the equation of energy balance becomes

NF T lm

-1 (1 ) >_ v2 (42)
4-27. Burning Rate Equation. The equation of
the rate of burning is the equation that gives
the rate of regression of the surfaces. It has
been found empirically that the rate of burning
of the powder depends primarily on the pres-
sure of the gas surrounding the burning grains.
Other factors apparently affect the rate to only
a small extent. It has been found that the de-
pendence of the rate on the pressure can be
given by an equation either of the form

d
J=a+bP (43)

or

dr n
at - BP (44)

where r is the distance the surface has re-
gressed. It has been found that both forms fit
the experimental data equally well. In the case
of equation (43) it has been found that the con-
stant a is small; and in the case of equation
(44) the exponent n is near unity. An equation
of the form
dr

Fri BP (45)
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therefore fits the existing data with reasonable
accuracy over the range of high pressures ex-
isting in guns. In addition, the use of an equa-
tion of this type permits an analytic solution of
the ballistic differential equation. For these
reasons, we adapt the approximate equation for
the rate of burning, equation (45). The web of
the powder grain is defined to be the minimum
distance between the surfaces of the grain, that
is, the distance which must be burned before
the grain is completely consumed (or in the
case of seven-perforated grains, before the
grain splinters). The equation of the rate of
burning to be used in this ballistic system is

daf
-W 5 = BP (46)

where B is™ the burning constant (a constant
characteristic of the type of powder); W the
web of the powder; and f the fraction of the web
which remains unburned. The quantity f is re-
lated to the fraction of the powder burned by
purely geometric relations based on the geom-
etry of the grain. It is shown in section 52 of
reference 2 that this relationship can usually
be represented satisfactorily by a quadratic
equation of the form

N/C = kg - kif + kof2 (4n

The values of coefficients kg, k1, and k2 depend
only on the shape of the grain.

Equation (47) is expressed in the RD38 method
as

g= 1-1) (1 +of) (48)

= 1+ (6- 1) -0f2 (49)

4-28. The Second-Order Effects. In the previous
section a necessary distinction was made be-
tween the pressure on the base of the projectile,
and the space-average pressure. The gas must
follow along behind the projectile, yet the
breech element must remain stationary. This
motion of the powder gas causes a pressure
gradient to develop, in which the pressure on
the base of the projectile is lower than that at
the breech. The Kkinetic energy of the gas must
be included in the energy-balance equation,
and the existence of the pressure gradient must
be taken into account in relating the motion of
the projectile to the space-average pressure.
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4-29. Equations of Motion and Energy Balance.
The motion of the powder gas is represented by
the usual partial differential equations of fluid
flow. A solution of these equations applying to
the motion of a gas in a gun tube with the pow-
der burning has not been found. A solution
under certain restricted conditions was de-
veloped by Love and Pidduck.l However, this
solution involves the motion of waves of finite

amplitude, and is entirely too cumbersome to
use in the equations of interior ballistics. A
solution developed by Kent represents a limit-
ing condition, that is, a stable equilibrium
situation. The development of this solution is
described in section 57, reference 2.

According to this solution, the pressure on the
base of the projectile is related to the average
gas pressure by

-]

M

(50)

P = Py

and the projectile base pressure is related to
the breech pressure by Py ..och =

P |:M + g—]
M (51)

where § is a constant depending on the ratio of
the charge weight (C) to the projectile weight

(M). In the usual cases, when the ratio %is

about 1/3, 5 is about 3.1. (In RD38, the value
of § is taken as 3.) It is also shown in section
57 of reference 2 that the kinetic energy of the

. Ccv
powder gas is given by 285

It becomes convenient to define an effective
mass of the projectile,

M+ C/s)
me—g— (52

In terms of this quantity the equation of motion,
equation (1), becomes

AP, = m—— (53

and the equation of energy balance, equation
(33) becomes

NCy (To - T) = 1/2 mv?2 (54)




4-30. Energy Equation Inciuding Heat Loss.
The heat lost to the bore surface up to any
instant is taken to be proportional to the square
of the velocity. Thus if h is the amount of
energy lost to the bore of the gun, then

h = 1/2 (mV2B) (55)

where B is a constant. Some justification for
this form is given in section 55 of reference 2.

This term is now included in the energy equa-
tion, equation (54) so that

Tyo(1+m L mv2 (56)
7 -1 To 2

4-31. Energy Equation Allowing for Friction,
We take the friction of the projectile to be
equivalent to a resisting pressure on the base
of the projectile equal to a constant fraction of
the actual average pressure. The resisting
pressure is taken to be

C
Pr=12F (57)

Because of this friction, the equation of motion,
equation (53) must be modified. Pressure caus-
ing acceleration is no longer P, but rather
P - P;. Thus

d?x 58
A(1 + c)P m _;2_ (58)
or
AP =m' ﬂ
dt2 (59)
where
m'=(1+c¢)m (60)

The work done against friction must be in-
cluded in the energy-balance equation. This
work is

X ¢
af moax- - (61)
x0

where X, is the effective length of the cham-
ber, defined as the volume of the chamber

divided by the cross-sectional area A. From

equation (59) and V = this term becomes

dat
1/2 mv2C

This correction term must be added to the right
hand side of the energy-balance equation, equa-
tion (56), to give
NF
(1--L)
Y -1 To (62)
= (1+B)1/2 mvV2+ 1/2 mv2C
Equation (62) can be written in terms of m' as
NF T
(1-—)
v -1 To (63)
=(1+B)1/2m'V2 - 1/2 CAmV2

The final term is dropped as negligible, to give
as the modified equation of energy balance

NF
vy -1

T
(1-—)=(1+B)1/2m'vZ (64)
To

4-32. Solution of Eguations by the Scheme
RD38. The simplifying assumptions are as
follows.

a. There is no initial resistance to motion
by cartridge-case crimp, or the need for en-
graving the rotating band.

b. The temperature of the gas during burn-
ing is constant, thereby reducing the simul-
taneous equations to be solved.

c. The covolume is assumed to be equal to
the specific volume of the solid propellant.
These assumptions permit an algebraic solu-
tion of the remaining simultaneous equations.

By assumption b the right hand side of equa-
tion (39) becomes AN, and by assumption c,
a = 0. The equation of state, equation (39), then
becomes

C
P [vc + Ax -—p—]= AN (65)

or, in terms of breech pressure (P). See equa-

tions (50) and (51).
( ; )
( L (66)

+ <
W1

N

P[VC + Ax-%— =

w
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The assumption ¢ introduces an error that may
be considerable at high densities of loading,
since 7 is about 1 g/cc, and 1/p is 0.6 g/cc.
The result is that the peak pressure is higher
than the calculations would predict. This can
be compensated for by increasing either B or
A, which then becomes dependent on peak
pressure. It is more convenient to hold A
constant, and to vary B as required to cor-
respond with ballistics.

We can write

C
VC "'/;‘—_-E:A& (67)

where E is the initial free space behind the
shot. The length { is a convenient measure.
Hence, equation (66) becomes

N 1 c
A +2M

P(x+4¢) = ( C (68)
)

+ —
3M

The equation of motion of the shot is

dV AP

dt 1 C (69)
* 2W1

neglecting resistances to motion, the recoil of
the gun, and the rotational inertia of the shot.
To include these we replace equation (40) by

dv AP
M, —-=————
tat ,, C (70)
2M1
where M{ = mM and
m = 1.02 (approximately) (71)

The fundamental equations are thus:

g= 1-D@+60=1-6-Di-of2 (12)

pdf__ BP (73)
dt
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AN (1 + C/2My)

P(x +'€) = 1_ (1 + C/3M1) (74)

(M; + C/2) % = AP (75)

with the initial conditions x = Q0 at f = 1.

Eliminating P from equations (73) and (75) and
integrating, we get

- AD -
V= B(M1 + C/2) (1-1) (76)

I we use equation (76) in equation (75), and
eliminate P by using equation (74), then

dx x+1
—=-M'( ) (77)
df 1 +6f

where

A2D2(1 + C/3My)32.2

M =
B2M1CA (1 + C/2M1)2 (78)
Integrating equation (46) with ¢ £ 0,
1+0\M'/6
X+4 = (1+9f> (79)
whereas, if 8 = 0,
]
x +4=4eM 1-1 (80)

The pressure P can now be obtained from
equations (39) and (48) as

6 #£0: (81)
_AC(1+C/2My) (1- 1) (1 +06f) (1 + 9f)M'/‘9

E(1 + C/3My) 1+¢
4 =0:p _AC(1 + C/2My) (1 - f)e-M'(l -9 (82)

E(1 + C/3My)

This completes the determination of x, V, and
P as functions of the parameter f.

A is an energy per unit mass, the square of a
velocity; AD/BMjy is a veloc1ty Hence M' is
dimensionless, as it should be in order to be
consistent w1th equation (77). M’ is the ' central
ballistic parameter'" of this method. M' or an
equivalent can be identified in nearly all of the
ballistic theories that lead to explicit solutions.




M' can be thought of as a dimensionless param-
eter showing the importance of the shot motion
in reducing the pressure from the value that
would be attained in a closed vessel.

4-33. Values at "All Burnt.'" The suffix B will
be used to denote quantities at the instant at
which the propellant is just burnt, f = 0. From
equation (76),

.__AD
VB = (M, + C/2) (83)

Integrating equation (77),

xg+ 4=t +a)M'/6 (6£0) (84)

= teM' (6=0) (85)
From equation (74),
_ AC(1 + C/2M))
PB= 5+ C/aMp (+a)Mi/s (640 (89
AC(1 + C/2M1) -M' (6 = 0) (87)

= TEQ1 + C/3My) €

4-34. Values at "Maximum Pregsure.' Quanti-
ties here are denoted by the suffix m. Differ-
entiating equations (48) and (49) gives

M'+6 -1 (88)

tm =720

for all 6. Also

2 '
Ij_(m)___(1+<9) (M +6)
C (M' + 29)2 (89)
M'+ 206 M/
Xm + £ =4 m) (9¥ 0)
= le (6=0) (90)
and
Pm = (91)
AU+ C/2My) 1402 (s o) M/
E(1 + C/3M;) (M' + 2 )2 + (M'/9)
(92)
Cl1+C/2
AC(1 + C/2M7) 6 0

=E(1+C/3M1)eM'

The last equation (91) is simplified as

AC(1 + C/2My) (1 + £)2

Pm = E(1+C/3M)) (eM' + 49) (93)
This is exact for 6 = 0.
4-35. Solution After '"Burnt.”
Let x+ 4 (94)

r= Xpt 4
At any travel x greater than xg,  the pressure is
P = Pgr-” (95)

The velocity is given by

AC(M + ¢)
M1 + C/3
where -
2 1-
p=—"—1-1r""7)
=~ (97)

where y is the equivalent specific heat ratio,
defined by equation (44).

For details on the derivations of the equations
for the last three conditions, refer to reference
1, pages 138 and 139.

4-36. Summary of the Working Formulas. A
solution of the equations given above leads to
the expressions given below.

KM > (1-96),
AC(1 + C/2M7) (1 +6)2

= (98)
E(1+C/3M1) (eM' + 45)

Pm

Otherwise, the maximum pressure is

Pp - AC(1 + C/2M31) ¢40)  (86)

E(1 + C/3Mp) (1 + 6)M'/%

_AC(1L+ C/2M;)
 E(1+C/3M,)eM'

=10 (87
The position of "all burnt” is given by

(6 £0) (84)
(6 =0) (85)

v
xp + 4= 41+ )M /8

= teM
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If the muzzle is at travel x, and

_ X + 4 (94)

xB+£

and

6 =—2 (1-rl-7% (97)
y-1

V2o >\C(M1+ )

“M;+C/3 (96)

4-37. Sample Solution by Use of the RD38
System. The equations developed include two
constants whose value cannot easily be found
except with experience obtained through the use
of this scheme in the analysis pf past firings.

Since A\/RT, is equivalent to —;‘3, where T is

the correctly averaged temperature assumed
to exist during propellant burning,» /RTg should
be a fraction, probably between 0.8 and 1.0.
6 can be assigned from considerations of
geometry of the grain alone, but there are other
factors such as nonideality of ignition and im-
perfect propellant grains that make a better
value at 6 to be 0.2 greater than the geometric
value. The actual values have to be fitted in a
particular problem to match the observed prop-
erties to calculated ones. When no results of
firings are available for the particular case
desired, it is necessary to obtain values of &
and A from an analysis of a similar case where
ballistic firings are available.

The burning constant B is of prime importance
in determining the maximum pressure, as is
clear from various equations. However, it is
difficult to correlate values of B determined
from closed-chamber firings with those ob-
tained in guns. Hence, whenevér possible, B
should be determined from the observed max-
imum pressure or muzzle velocity in a bal-
listic firing of a similar case to the one under
consideration. This can be done once valuesare
assigned tox and &.

An illustrative example, of the manner in which

this scheme may be used, follows. Table 4-22
contains the ballistics of reference propellants
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used in assessing charge for production lots
of propellant for various weapons. In the prob-
lem worked out below, we will take item 21
(from table 4-22) as the one for which a solu-
tion is known. Then we will try to find the max-
imum pressure and muzzle velocity for items
10 and 14.

Knowing the value of the maximum pressure as
given for item 21, we find the value of M’ for
item 21. We check this value of M' with the 6
and » /RTo used to see if the correct velocity
will be obtained. The final value of ¢ and
»RTy that we will use will be the one that will
give us the correct velocity. Then, with the
correct value of M' for item 21, we can calcu-
late M' for items 10 and 14.

In the first set of calculations, we shall assume
that ¢ = 0, and then take various values for
A/RTg to see which of these will be correct for
our problem.

In the standard calibration chart (table 4-22) it
will be noticed that the maximum pressure is
given as 39,500 psi, whereas the value used in
this example, as well as for Hirschfelder and
Le Duc is 45,400 psi. This is so as the pres-
sure given in the charts is the copper gage
pressure, which is a lower reading. To con-
vert to the actual pressure, we must multiply
the copper pressure by 1.15.

Using the basic formula for pressure, we have

AC(L+ C/2M,) (1 +6)2

P (98)

™ E(1 4+ C/3M;) (eM' + 46)

However, since 6 = 0, the formula canbe slightly
simplified.

Assuming 6 = 0, and A/RTg = 0.9, we have

(0.9) (3.18) (8.12) (1.15) (12) (105)
(1.58)(1.1) eM'

v

M = 1.50

45,400 =

Checking the velocity with this value, we find
that the velocity is 2,680 ft/sec, which is too
low.




We then try a higher value of A/RTo. Trying
6 = 0 and A/RTg = 0.93, we have

M' = 1.54

This value of M yields V as 2,710 ft/sec. Hence
we raise the value of A\/RTo to 0.96, and obtain
a velocity of 2,780. We try »/RTp = 0.98, and
obtain a velocity of 2,800. The value of M' that
we choose for item 21 is 1.69. Using this value
of M we can calculate the burning rate, using
the formula

212
A“D? (1 + C/3M, | 32.2
M = [ + ¢/ 1] (78)

B2MCh 1+ c/2m' | 2

o 102(2.97x 1073) (1.1) (32.2)
~ (1.69) (26.5) (8.12) (0.98) (3.18) (1.32)

-8
B2=17.55x%x 10

Using this value of B, we can find M' for items
10 and 14.

(49.3) (1.76 x 10-3) (1.08) (32.2)

Mjg =
(7.55) (16.9) (3.82) (0.98) (3.18) (1.21)

Mjg = 1.59

Wl - (49.3) (1.35) (1.07) (32.2)
" (7.55) (16.5) (3.39) (0.98) (3.18) (1.23)

M14 = 1.57
Calculating the pressure for items 10 and 14,
we get
(0.98) (3.18) (3.82) (1.12) (12)
P =
ml0 (713) (1.08) (3.94)

P10 = 49,400 b per in.2

(0.98) (3.18) (1.11) (12) (3.39)
(130) (1.07) (3.40)

Pml4 =

Pm14 = 26,400 1b per in.2

To calculate the velocities for both of these
items, we have to obtain the values of ¢.

¢ for item 10 = 2.31
¢ for item 14 = 1.62

(0.98) (3.82) (3.18) (3.76) (32.2)

2 -
V10 18.2
V10 = 2,560 ft per sec
(0.98) (3.39) (3.18) (2.87) (32.2)
V142 = ) )

17.6
V14 = 2,180 ft per sec

We now assume a value of 6 as 0.15, and then
try various values of »/RTo to see which is
correct. We again use the formula for max-
imum pressure

AC(L+ C/2M1) (1 +6)2
m_E(l + C/3M1) (eM' + 45)

(93)

Trying successively the values of A/RTy as
0.85, 0.87, 0.90, and 0.92, we find that
A/RTq = 0.88 will yield the correct velocity
for item 21. The correct value of M for
item 21, using 6 = 0.15 and x /RT, = 0.88, is
1.79.

B2 is obtained as 7.19 x 10-8
Mip = 1.83

Mi4 =1.61

P 110 = 44,400 b per in.2
P14 = 23,100 Ib per in.2

Checking the velocities in these, we obtain

¢10 = 1.65
¢14 = 1.24
Vio0 = 2,610 ft per sec
Vi4 = 2,280 ft per sec

We again repeat the problem, but assume

¢ = 0.30, and in the first case, thatA\/RTy=0.95.

Using the formula

AC(L + C/2M1) (1 + 9)2
E(1 + C/3M1) (eM' + 45)

m (93)

we get

(0.95)(8.12)(3.18)105(1.15)(1.69)(12)
(158)(1.1)(eM + 1.2)

M = 2.10

45,400 =
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Trying this value of M' for velocity, we obtain
V = 2,950
which is too high.

We then try ¢ = 0.30 and A/RTqg = 0.90. With
these values we obtain M' = 2.06 and the veloc-
ity V = 2,850, which is still too high.

Then we try @ = 0.30, and »/RTo = 0.88. With
these values M'=2.03 and V =2,800. This
value of M is then correct for our 6 and
A/RT,. With this value of M' we can calculate
B for M6 propellant. We can then use the value
of B obtained for item 21, and use it for items
10 and 14 to obtain M' for these.

We obtain B from the formula for M’

%% [1+ c/3my] 22.2

t

(78)

B2M;Cn [1 + C/2M1]2

"~ (2.03)(26.5)(8.12)(0.88)(3.18)(1.32)

52 (102)(2.97 x 10-3)(1.1)(32.2)

B2 - 6.75 x 10-8

Hence, we obtain M1 from

(49.3)(1.76)(1.08)(32.2)
(6.75)(16.9)(3.82)(0.88)(3.18)(1.28)

1.995

t
Mo =

]
Mjo
We obtain Mj14 from

(49.3)(1.35)(10.7)(32.2)
(6.75)(16.5)(3.39)(0.88)(3.18)(1.25)

t
M14 =

4
M;, = 1.795

We can now use these values of M to calculate
the pressure and velocity for both items 10
and 14.

P A C(1 + C/2M{)(1.69)(12)

(93)

mi0 = By C/aMy)(eM + 1.2)
(0.88)(3.18)(3.82)(1.11)(1.69) (12)
Pmio = (73)(108)(5.12)
P10 = 46,400
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(0.88) (3.18) (3.39) (1.11) (1.69) (12)
ml4 = {140.6) (1.07) (4.70)

Pmi4 = 25,300 psi

2 ACM +9¢)

Vo =y T cs
1

V102 - (0.88)(3.18)(3.82)&..’;9 + 2.57)(32.2)

Vio = 2,590 fps

o (0.88)(3.18)(3.39)(1.29 + 2.08)(32.2)
Vig® = 17.6

Vi4 = 2,300 fps

4-38. Derivation of Equations by Method Qut-
lined in OSRD 6468. For the tabular solution
we assume that 5 = 1.3; and that the starting
pressure is what is developed when one per-
cent of the charge has burnt when the projectile
begins to move. The covolume of the propellant
is considered.

Equation of State. The equation of state (34),
as derived in paragraph 4-25, is transformed
by taking V; = AXy and AX =V + Ax. The
equation of state (34) then becomes

C _T
Pl:AX+p -aN]:NFTO (99)

Multiplying this equation by ve, dividing by
its equivalent AX,, and remembering that
C/Ve = Ag, we get

Pve _g_-—A-Q-aAoF—= NF T

Xo p c T, (100

Equation of Motion. By equation (52), equa-
tion (33) can be expressed in terms of the
average gas pressure as

AI,=%1(M+c/s)vﬂ

v X (101)
or AP = mV ?—d; (102)
where
1 C
m =E(M +?) (103)




To account for frictional resistance, engraving
resistance, etc., m' is substituted for m, the
relation being m' = 1.02m. The quantity m' is
defined as an effective mass.

The three equations, the energy of motion (33),
the equation of state (34), and the energy bal-
ance equation (40), derived previously in para-
graph 4-26, are combined to give one equation
valid before and after the powder is all burned.
The rate of burning will then be used to obtain
a differential equation applicable only during
the interval of burning of the powder.

First eliminate T/T, between equation (34) and
equation (40), and then eliminate P between this
equation and equation (45). This gives

1 2. EN (104)
2 y-1
Ve X AO N m' dav
- _— e e gAf — ) — VYV —
7-1()(0 p - °C>AvdX

The equation for the rate of burning (43) may
be rewritten in terms of velocity to give

di m' BdvV
— e DD e w——n — O
dt A Wt (105)
This equation is integrated to give
m' B
fo-I="AwWV (106)

where fo is the value of f when the velocity is
zero, that is, fp is the fraction of the web that
is unburned when the projectile begins to move.
It is convenient to let N, be the weight of the
powder burned when the projectile begins to
move (equation (47) evaluated at f = fg). Equa-
tion (106) can be used to eliminate f from the
form-function equation, equation (47), to give

(107

N _ NO m' B m' B 2 2
C—C—+(k1+2k2f0)7\WV+k27W v
The value of N0 is related to the starting pres-
sure P, by the equation of state, equation (48},
evaluated at the start of motion, that is, when
P= Po, N= No, T/To = 1, and X/Xo = 1, gives

No_ Pofl - so/p) (108)
C  2y(F + aPy)

Eliminating N in equation (104) by means of

equation (107) gives the fundamental ballistic

equation for the interval of burning

X 4 1 m'B No
+ h——-—aAo(lq-Ekz)-——V—aA vy

Xo » AW °c
(109)
av [No m' B
— = —+ (K] - 2kofg) — —V
+de CF C+(1 2°)AW

(m' B)2
_ 2
+k2Aw v

Here, in the term apg N/C, which is a small
correction term, we have approximated the
value of N by replacing 2 by 3f. Thus

N 1
&= ko - (kg - ko)t (110)

and, correspondingly, we have introduced

No' 1
== Ko - (ky - ko)l

4-39. The Solution of the Differential Equation.
Let us define the following:

No

o= o (111)
1=k - 2k210 (112)
o=k, -k (113)
Jp=%17 2%
8o .
¢ = - +adg (kg - isfy) (114)
and
1, A2
Zp = (115)

j1 C Fm' (B/W)2

In terms of these quantities, equation (109)
becomes

X . m' B av
Xo|g—-e -adgl2— V|V ==
O[Xo °’2AW]

. CF B 1 _ 2
+,1—va-{§(y-1)— nZnf ¥
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This is an equation relating the length of
travel (X) of the projectile to its velocity (V).
It now becomes convenient to define dimen-
sionless variables related to the travel and
velocity:

X
y= 3(—0 -« 117
and
\"4
Z = e—z (118)
where
_ hCF (B/W)
Y S

In terms of these variables, equation (116)
becomes

A foz ZdZ
y-a O]zzb day

(120)
CFi, 1 kofo
= Z 4— (7 - 1) - 72
e22m' + {2 7 ) jlzb
Let us define the following:
aA_ jof
p_2%0t2% (121)
Zy,
1 kafo
u=-— - 1) -~ (122)
2 (r -1 \Zp
and
io Z
q=2%b (123)
i1 1o

In terms of these quantities, equation (120)
becomes

daz

(y - rZ)Zdy

=q (129)

which may be arranged to give

dy Z(y-r2)

= 125
dZ q+Z-uZ2 (125)

We define

y'=y-r2 (126)
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so that equation (125) becomes

a2y

= _r 127
dZ q+ Z - uz2 (127

Thus we obtain a linear first-order differential
equation, with a solution as follows

Z
y'=J({—rf -dJE) (128)
o
Where k is the constant of integration,
z
Z dZ
T=exp f _— (129)
2 q+2Z-uz?
and
Zdz

[o}

Then by using the definition of y' from equation
(126) and of y from equation (117)

X/Xo=kJ+a - r(S- 2) (131)
The function J is elementary, but the expres-
sions developed by the explicit integration are
rather cumbersome from a computational point
of view. The function S is, in general, not
elementary, and must be calculated either by
numerical integration or by some type of series
expansion.

The integration constant k is obtained by use
of the initial situation, X/Xg =1 when Z = 0,
J=1,and S = 0.

This gives the following equation for X/Xg as
a function of Z.

X/%o=F-a (J-1)-r(S-2) (132

This is the relation between the travel and the
velocity of the projectile. It will be noted that
in this equation the velocity is the independent
variable and the travel is the dependent vari-
able. This is not the choice that would have
been desired. However, it is not possible togive
a simple equation for the velocity in terms of
the travel.




The pressure may be obtained as a function of
the velocity as follows. From equation (45) and
the definitions of Z and y in equations (117)
and (118)

P Z dz 133
= €3 dy (133)
where
2 ot
e
Ve

The constant e, may be written in terms of
more funddmental quantities as follows:

F]l fO {\0

- 13
93 = Zh ( 5)

Equations (124) and (133) may be combined to
give
o q+ Z - uz? '3
=@ —— =
SX/Xo-o-rZ (136)
The relation between position and time can be
obtained only by means of numerical integrals.
This can be carried out by use of either of
two equations

XdX
t = — (137)
Xo V
or
t m’ fV v (138]
T A L, P !

The first equation leads toan improper integral.
For this reason, it is always convenient to
begin the integration by use of equation (137).
This equation leads to infinite times in the case
P, = 0. This is true because the ballistic equa-
tions give solutions for the case Py = 0 only in
a limiting sense. I the pressure is initially
zero, the powder (according to the rate-of-
burning equation used) will not burn. Therefore,
the pressure will not rise, and the situation
will remain unchanged.

4-40. The Maximum Pressure. The position of

the maximum pressure is found by setting
% = 0. Let a subscript p indicate that the

quantity has been evaluated at the time of maxi-
mum pressure. The differentiation of equation

(136), and the settirg of gwi = 0, leads [see

equation (117)] to

vy -
(dy/dZ)p = -
q+Zp-u Zp

I a position of true maximum pressure (that
is, g% = 0) occurs during the range of the equa-
tion (that is, during the burning of the powder),
equation (137) may be combined with equation

(125) to give
q+ Zp-uZp2 (1+2u)Zp-1
Yp -Tr Zp -

Thus, from equation (136) we obtain on re-
arrangement

rZ,.) (1 - 2uZ
P uZp) (139)

(140)

g8 (141)
1+ 2u

This is a relation between the value of Z, and
the value of P at thetime of maximum pressure.
The numerical value of the term (r/'e3)P is
of the order of 0.1, so that the numerieal value
of Z is only slightly dependent on the value of
Pp. This fact is made use of in a recursive
method of obtaining Zp and Pp numerically.

4-41. The Point at Which the Powder Is All
Burned. The velocity at the time the powder is
all burned is obtained from equation (106) by
letting f, the fraction of the web left unburned,
equal zero. Thus

Af,

7 (142}
m'(%)

It is convenient to let the subscript b indicate
that the quantity has been evaluated at the time
that the powder is all burned. From the defi-
nition of Z equations (117) and (118)

z f,A2
b =
ji C F m' (B/W)2

Vp =

(143)

Thus the quantity previously denoted by Zp is
seen to be simply the value of Z at the time the
powder is all burned [equation (120)] .

4-42. The Equations for the Period After All
the Powder Is Burned. In the derivation (para-
graph 4-38), it was stated that equation (104) is
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applicable both before and after the powder is
all burned. After the powder is all burned,
N = C and equation (104) becomes

(142;
1_,.,0_ FC vem' (X av
ol = Juial V—
eV e AG-Dlx, ") ' X
Let
b= _CF (144)
m'(y- 1)
and
X
=— - A (145)
X Xo UIAN
Then, since
dv VvV dv 2
yV_ovay o 1oavz
dX XodX 2X, dX
equation (143) becomes
avz (v - 1) by - 1)
— V2= (147)

dx X

This differential equation can be solved to give

-y - 1)

V2 - kX +b (148)

where k is the constant of integration.

This constant is evaluated so that V = V|, when
X = Xp. Thus,

x -1
v2 - (Vbz _ ‘9(7'0) +b  (149)

It is convenient to define
y -1, y -
Q= (1-T—= itfoZy) Kp/Xo~ 